Lecture Notes on Deep Learning

I. NOTATION

Lett € Z, 5 € Z, and ¢ < j. Then

i:4] 2 {ii+ 1, ,j—1,5}
.:. é +1’7_1
(i:7) = {i j—1} | "

\

The logistic sigmoid function is defined as

1
= . 2
0) = 1= @
Obviously,
0p(z
P2 o)1 - o). G
The rectifier function is defined as
¢(2) = max(0, z) > 0. 4)
Obviously,
@ z 07 @(’Z) = O
“gi, ) 10 = . 5)
L ¢(2) >0
Let us define 27 £ (z1,--- ,1,).
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|z |, 2 max(a, r). (6)

[2]° £ min(b, z). (7)

II. BACKPROPAGATION

Consider an Artificial Neural Network (ANN) including (h + 2) layers. The 1-th layer is the
input layer; the (h + 2)-th layer is the output layer; and the intermediate h layers are hidden

layers.

The [-th layer, where [ € [1 : (h + 2)], includes m; nodes. Especially, the input layer includes
my = n, input nodes and the output layer includes 1,2 = n, output nodes.

The i-th node of the [-th layer is denoted by z;;, where [ € [1 : (h+ 2)] and ¢ € [1 : my].
Especially, z;; = z; is the ¢-th input node and zj19; = y; is the i-th output node. The [-th layer
node vector is denoted by z; € R". Especially, z; = x € R"™ and z; 2 =y € R".

Let w;; ; denote the weight of the connection between the i-th node of the [-th layer and the
j-th node of the (I + 1)-th layer, where [ € [1: (h+1)], ¢ € [1 :my], and j € [1 : my441]. The
[-th layer weight matrix is denoted by W; € R *™+1,

Let b, ; denote the bias associated with the j-th node of the (I + 1)-th layer, where [ € [1 :
(h+1)] and j € [1 : my44]. The [-th bias vector is denoted by b, € R+,

Forl € [l:(h+1)] and j € [l : my4,], we define
my

Vi1 £ bij + Z Wy, 520, (8)
i=1
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Then 2,41 = ¢(Yy41,;). Alternatively, z;; = ¢(W/ z + b;). Especially, we have

) ) 1= 29,
ng 61]4—5 1 W1,4,5T4

Yi = 2hi2j = O(Vni2;)

It is easy to get

0z 41,5 0o(Yiy1,5) g1y
L — 22 L=z — 2101
by ; Oy, by, 5 415 t+1.4)
Oz141,5 Ozi41,5
Wi; - Zl+17j(1 o Zl+17j)zlvi = Zlvi ’ ablj]
o241, _ 07141,
ot = a1 — 2 WG = W - 5

Let us define

1 &
Eégi]%—m%
j=1
we have
abh-‘rl,j ay] abh_;’_l’j (y‘] ]) y]( y])
For [ < h,
OE _ O0E Oz,
abl,j aZl—l—l,j 81)[7]-
or
021415 2414 Zi41,5)
Further

OFE _mlz+2< o)) 5Zl+2,k>
1 aZl+2,k aZl+1,j

M2
B < OE  Ozqop w >
- ’ ’ l+17]7k

0ziyor  Obiyig

k=1 ’
</ OF

= : wl+1,j,k> .
1 <(%z+1,k
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Finally,
OF </ OFE
o 241, (1 — 2141,5) k§1 (abl—l-l,k wz+1,y,k) (15)
OE

The complexity to compute - is O(1), and the complexity to compute ;T?’ where [ €
> »J

8bh+1 j
OF

[1: h], is O(my42). Hence, the complexity to compute Fon s

is O(mp42), and the complexity to

oOF

compute by

where [ € [1: h], is O(m41my12). Further, the additional complexity to compute

2L where | € [1: (h+1)], is O(mymip).

III. RECTIFIER

Forl € [l:(h+1)] and j € [l : my4,], we define

my
(D = by + Z Wy 5,521 (16)

i=1

Then 211, = ¢(¢141,5). It is easy to get

Ozir1;  Op(Yir1y) Oty

by N M, Oy = Las>o. (17
Then
Oz141,5 02141 5
Qwi i j LT s
T = -
We have
oE OE 0Oy,
Obpi1 - 8_y] ’ abhgfw = (y; — t;) - 1,50 (19)
For [ < h,
0E  0zm11y ~—~ ( OF m2 o gp
oy all;;j ' kz:; (abl“’k '“’l“u‘vk) =L 50 ; ( ek ‘wl—i-Lj,k) . (20)
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IV. CONVOLUTIONAL NEURAL NETWORK

Consider an ANN including (h + 2) layers. The 1-th layer is the input layer; the (h + 2)-th

layer is the output layer; and the intermediate h layers are hidden layers.

The [-th layer, where [ € [1 : (h+ 2)], includes m,; nodes. Especially, the input layer includes

mi = n, input nodes and the output layer includes my» = n, output nodes.

The i-th node of the [-th layer is denoted by z;;, where [ € [1 : (h+2)] and ¢ € [1 : my].
Especially, z;; = x; is the i-th input node and zj,49,; = y; is the i-th output node. The [-th layer
node vector is denoted by z; € R™. Especially, z; = x € R™ and z;,2 =y € R".

Let w;; ; denote the weight of the connection between the i-th node of the [-th layer and the
j-th node of the (I + 1)-th layer, where [ € [1: (h+1)], i € [1:my], and j € [1 : my41]. The
[-th layer weight matrix is denoted by W; € R™>"™+1,

Let b ; denote the bias associated with the j-th node of the (I + 1)-th layer, where [ € [1 :

(h+1)] and j € [1 : my,4]. The I-th bias vector is denoted by b; € R™+1.

Assume that the [-th layer is a convolutional layer with a length-K; kernel, where K is an

odd. Obviously, m;; = (m; — K;) + 1. Let w; = (wy g - - - ,wy k). Then

° FOI'j < 1 < (j + Kl — 1), Wyij = Wili—j+1s and

o For max(l,i — Kl + 1) < j < min(’i, ml+1), Wii,5 = Wili—j+1-

Forl e [l:(h+1)] and j € [1 : my44], we define

my J+EK—1 K;
i1y = by + Z Wy 2 = by + Z w2, = bij + Zwl,z'/zl,(jfl)Jri’- (21)
i=1 i=j V=1
Then 241 = @(Yi11;). It is easy to get
9, ;0 )0 ;0 ;
2y _ 0p(Yriy) Oy P(Yr41,5) — 1., 50 (22)

8bl,j B 8wl+1,j abl,j B 8¢l+1,j
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and

8Zl+1 j 8Zl+1 j
- v — 27 (i i E 23
&JJW LD+ abm' (23)

Finally, we have

oFE oF 8zl+17j

= (24)
abw 8zl+17j 8bl7]’
and
OE N OE  Oz41; = OF
— ) J_ Dt —, 25
where 82‘352,j = Zp42,; — t; and for [ < h,
OE X ( OF )
= S Witk |- (26)
02141, ; Obit1 Lk
If the (I + 1)-th layer is a convolutional layer, then m; o = (m;y; — K;41) + 1 and
min(j,m42)
oF Z ( oF w )
= “ Wi,k
02111, k=max(1,j—Ki41+1) i1,k
min(j,m;42)
oF
= . - ) 27
> (abl+1,k Wit1,5 k+1) 27

ke=max(1,j—K;41+1)
V. 2D CONVOLUTIONAL NEURAL NETWORK

Consider an ANN including (h + 2) layers. The 1-th layer is the input layer; the (h + 2)-th
layer is the output layer; and the intermediate h layers are hidden layers. The [-th layer, where
[ € [1:(h+2)], includes m; x n; nodes. The (i,,1i,)-th node of the I/-th layer is denoted by
21, (inyiy)» Where [ € [1: (h +2)] and (ig,4,) € [1: my] x [1: ny]. Let wy,,,).(.,5,) denote the
weight of the connection between the (i,,1%,)-th node of the /-th layer and the (j,,j,)-th node
of the (I + 1)-th layer. Let b;;, ;,) denote the bias associated with the (j,,j,)-th node of the

(I + 1)-th layer.
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Assume that the [-th layer is a convolutional layer with a length-K; kernel, where K is an

odd. Obviously, m;1 = (m; — K;) + 1 and n;q = (ny — K;) + 1. Let

Wiy o WKy
Q = e RKI%K, (28)
Wi(K;,1) 0 WIL(KLK)
Then
wlv(izviy)r(jivvjy) = wlv(izfjf+17iy7jy+1)’ (29)
where

e jo<i, < (jo+K —1)and j, <i, < (j, + K, —1); and
o max(1l,i, — K;+ 1) < j, <min(i,, myy1) and max(1,4, — K; + 1) < j, < min(iy, ni41).
We define

K, K
A
Vit Gody) = OGody) + D D WL 21y (30)
i,=11,=1

where i, =i, — j, + 1 and iy = i, — j, + 1. Then 2413, 5,) = ©(Vis1,3.,5,))- Easy to get

02141, (o dy) 1

ablv(]?:dy) o Zl+1’(jx’jy)>0 (31)
92141, (jw jy) e 92141, (jw i) N |
awl,(i;,i%) - lv(livly) Bbl,(jz,jy) - l:(lfzzy) Zl+17(jz,jy)>0
Finally, we have
0B _ OE L 92141, Gy
W Gzdy)  OA41.Gady)  OOLG.dy) (32)
)
oE _ Zml+l ni+1 oOF . 92141, (i)
0w ity

Jo=l £ajy=1 02141 (ju i) Owi (i it))

where

8E miy2 Ni42 aE
- Z Z <— : wHL(jw,jy),(kac,ky)) : (33)

02141, (ju ) Pt 111, (ky k)
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If the (I + 1)-th layer is a convolutional layer, then m; o = (m; 1 — K1) + 1, ngo = (ngq —

K1)+ 1, and
min(jg,mi4+2) min(jy,ni42)
oF Z Z oF
_— tw oz — jy — .
2141, (s ) (%HL(!@,/@) Pt Ly ky+1))

ky=max(1,jz —Ki+1+1) ky=max(1,jy—K;+1+1)

(34)

VI. RESTRICTED BOLTZMANN MACHINE

Assume there are m visible nodes and n hidden nodes. Let v; denote the i-th visible node,
where i € [1 : m], and z; the j-th hidden node, where j € [1:n]. Let v = (vy, -+ ,v,)" € B™

and h = (hy,--- ,h,)" € B". Let

Wi, 0, Win

)

W = : : e R™*", (35)
Wm,1, 5 Wmn

Let us define the energy with respect to v and h as
E(v,h)2 —a'v—-b'h — v Wh. (36)

and the probability of (v, h) as

p(v,h) oc e BV — 2 Vb ThivIWh (37)
Hence, we have
p(vi,h) o e—E(vi,h) _ eawi—f—bTh—&—vi D wigz 6bTh+vi(ai+Z?:1w,-,jzj) (38)
and
p(z,v) o e FGi) = ghizitalvez Sty wigus — ga vz (4300, wigvi) (39)
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Then

p(v; = 1,h)
p(v; = 1,h) + p(v; = 0,h)
b ht(ai+X5_ wijzj)

p(vi = 1h) =

e
ebTh | b hi(ait357 4 wijz))

elait2 i wijz)

1 + el@itioi wigz)

1
1 + e~ (@+Xjoy wiiz)

j=1

Similarly,

p(Zj = 1|V> = 77/1 (b] + Zwi,jvi> . (41)
i=1

dlogp(v,h) Ov'Wh
= = v;2j. 42
8101'7]‘ 8wi7]~ Vi ( )

p(v)=>_ p(v.h) 43)

dlogp(v)

8wi7j

= (44)

Assume that the [-th layer is a convolutional layer with a length-K; kernel and stride is 5.

Obviously,

mypr = (my — K;) /S + 1. (45)
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It is easy to get

0, i i~ 1)S,+[1: K
s PGS+ K o

Wit 1€ {(] — 1)51 + [1 : Kl]}

where i’ =1 — (j — 1)S; € [1 : K.

Forl € [l:(h+1)] and j € [l : my4,], we define

my (-1)S+K; K;
A
Vi1, = bij + § w2 = b + § wyiga = b+ E Wiz G-ns+i- - (47)
i=1 i=(j—1)S;+1 =1

Then 211, = ¢(¢r141,5). It is easy to get It is easy to get

Ozi11y _ 0p(Yis1y) sy 0p(Yiiay)

abl,j a¢l+1,j 8bl,j awl—&-l,j 1+41,5>0
Hence,
T AG-DSH ’ 49
aww AG-DSi+ 8bl7j (49)
Then
miya
OF OE Oz
AVl P, (50)
Wl,i/ =1 Zl—‘,—l,j wl,i’
where
OF &% < OFE >
N Wik ) - (51)
8Zl+17‘j Pt 8bl+1,k l+1,],]€
Finally,
aE 8zl+1j ml+2< aE’ >
T b, 2 \ by, Mk ) (52)
Oby,j b5 el by 11 bk
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If the (I + 1)-th layer is a convolutional layer, then
M2 = (M1 — K1) /S + 1 (53)
Wit1,5,k = Wi41,55 where

J=7—(k—=1)Skq1 € [1: Kpq]. (54)

An autoencoder can be taken as an Artificial Neural Network (ANN) including 1 input layer,
1 hidden layer, and 1 output layer. The input layer includes m input nodes. The output layer
includes m output nodes. The hidden layer includes n hidden nodes. Denote the i-th input node
as x;, the i-th output node as y;, and the j-th hidden node as z;, where i € [1:m]and j € [1: n].
Let W € R™ " be the weight matrix and b € R" be the bias vector for the encoding. Let W

be the weight matrix and b € R™ be the bias vector for the decoding. Thus

k
2 = (b + X W rsn). (53)
=1
It is easy to get 22 = z;(1 — ;) and -2 = g, - 22 Further
y g 8b] J J 8wm- 3 8b] . ?
j=1
It is easy to get g—gj = y;(1 —y;) and gzjf = w;; - gzl In addition,
Oy 0y; 0z;
d L L 57
ow;; b, (Z] i Ow; ; G7)
and for i’ # 1,
Oy Oy 0z;
L AN pT & (58)
ow;;  Oby ow;
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The error is

1 2
B = B ;_1 (yi — i) (59)
Hence,
oF OFE Oy;
— = e = i_l'iz‘l_io 60
P (y )yi(1 — i) (60)
n= mT_k + 1.

Let ™ be the input.

Filter Stride Pad Pooling
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